The RT interval is a measure of the ventricular repolarization and is partially influenced by the sympathovagal balance. The analysis of the variation of the duration of the RT and RR intervals might bring new information about the arrhythmogenic vulnerability and autonomic imbalance. The RR signal and its spectral density (SD) are characterized by two different patterns during the sleep period. On the basis of this information, RT and RR sequences have been automatically classified into two patterns, R and N. In this work, we propose a methodology to define new variables that are able to distinguish patients with hypertrophic cardiomyopathy (HCM) who later developed sudden cardiac death (SCD) from HCM patients without such episode during the follow-up. These variables are based on the instantaneous frequency calculation using time-frequency representation of the RT and RR signals previously classified into R and N patterns. In this study, three spectral bands have been considered: low-frequency band (LF, 0-0.07 Hz), mid-frequency band (MF, 0.07-0.15 Hz), and high-frequency band (HF,. Then a suitable combination of mean energy and mean frequency of the RT and RR signals in the MF and HF bands has allowed HCM patients with SCD to be discriminated from HCM patients without SCD (P Ͻ 0.001). ᭧
INTRODUCTION
The heart rate variability is a noninvasive index of the neural activity of the heart. It reflects the spontaneous changes in autonomic activity and it is altered when the neural control of the heart is impaired (1) (2) (3) (4) (5) (6) . Traditionally, three peaks have been described in the heart rate power spectrum. The peak that matches with the respiratory frequency, in the high-frequency band (HF), corresponds to the well-described respiratory sinus arrhythmia and is parasympathetically mediated.
The peak centered near 0.1 Hz in the mid-frequency band (MF) is both parasympathetically and sympathetically mediated. Finally, the peak in the low-frequency band (LF) can be influenced by a wide variety of different factors (7) (8) (9) .
The ST-T complex of ECG reflects ventricular repolarization. The alterations of this period of heart cycle are the important factor of arrhythmogenesis that may induce lethal ventricular arrhythmias. More recently, several studies have proposed the RT end-interval as a measure of the ventricular repolarization (10, 11) . Repolarization abnormalities like negative T wave, increased QT dispersion, or QT prolongation have been also reported (12, 13) . Thus, the analysis of the RT and RR variability might bring new information about the repolarization alterations and autonomic imbalance.
The instantaneous frequency of a signal, obtained from the derivative of the phase of its analytical signal, often produces results that in some way may seem paradoxical (14) , and which in any case make it difficult to interpret them physically. This drawback can be avoided by defining instantaneous frequency as the mean frequency of the spectrum at a particular time obtained by means of the timefrequency analysis. In the following sections of this work, a study of the instantaneous frequency applied to sequences of RT and RR signals, based on the timefrequency representation using the Choi-Williams distribution (CWD), is described. The present work shows that the time-frequency distribution of the RT signal calculated by CWD may be useful to obtain new discriminatory variables for hypertrophic cardiomyopathy patients (HCM) who presented sudden cardiac death (SCD) after Holter recording and HCM patients without SCD. Moreover, this work presents the analysis of the relationship between the variability of the RT and RR intervals in HCM patients with and without SCD by means of timefrequency representation, obtaining new discriminatory variables for these kind of patients.
In a previous work (15) , time-frequency representation analysis of the RR signal showed that the difference between the mean frequencies in the MF and LF bands during the awake period can distinguish patients with myocardial infarction (MI) who developed malignant ventricular tachycardia (MVT) from MI patients who did not develop MVT. Instantaneous frequencies in the low-frequency band (LF, 0-0.07 Hz), in the mid-frequency band (MF, 0.07-0.15 Hz) and in the high frequency band (HF, 0.15-0.45 Hz) were considered, and the same bands have been proposed for the present work.
MATERIALS AND METHODS

Experimental Data
In our study we analyzed 24-h ECG recordings of 38 patients with hypertrophic cardiomyopathy. All of recordings were done before the medical treatment was started. We knew that during follow-up 7 patients died suddenly. At this way, two groups of patients were selected (mean age 32 Ϯ 12 years). Group a consisted of 7 patients with hypertrophic cardiomyopathy (HCM) who presented sudden cardiac death (SCD) after the Holter recording and group b consisted of 31 patients with HCM without SCD.
Hypertrophic cardiomyopathy is a congenital disease of the heart characterized with myocardial hypertrophy (usually asymmetrical) without obvious cause, like for example hypertension or aortic stenosis. The prevalence of HCM is about 0.2% in general population (16) .
The most important clinical feature of HCM is the increased risk of sudden cardiac death, especially in youth (Ͻ30 years) (17) . However, stratification for sudden cardiac death on patients with HCM is highly difficult (18) .
In this work, 4-h ECG signals were analyzed, corresponding to nocturnal period of the patients, interval of time less influenced by the patients. These Holter ECG signals were recorded in the National Institute of Cardiology of Warsaw (Poland).
Preprocessing of the Signal and Pattern Classification
The ECG signals were processed with an algorithm developed by our group (19) to measure automatically the RT and RR intervals. A RT signal was obtained from the RT interval measurements. The independent variable was the accumulated time obtained from the RR sequences, and the dependent variable was the measure of the RT interval corresponding to the last RR interval accumulated. The RR signal was obtained in the same way as the RT signal, but the dependent variable was the measure of the RR interval. Later, these signals unevenly sampled were processed using cubic splines interpolation and sampled at 1 Hz. Sequences of 256 s of the RT and RR signals were considered every 10 min. Artifacts present in the signals were eliminated by adaptive filtering (20) , using the LMS algorithm. The next step was to classify these signals into two different patterns N and R according to two characteristic spectral densities of energy (SD).
The SD of the RR signals has two well-differentiated morphologies (21) (22) (23) . A SD morphology, named R pattern, is characterized by a highest percentage of the energy located in the low-frequencies' area of the spectrum. The other SD morphology, named N pattern, is characterized by the energy markedly located in the middle of the spectrum mediated by the respiration.
On the basis of this information, the RR sequences were automatically processed by means of an algorithm based on the RR spectral morphology to classify these signals in the two patterns. In this way, any RR sequence as well as its corresponding RT sequence were labeled according to one of these two patterns which are based on the spectrum shapes of the RR signals.
The classifying algorithm uses the amplitude spectrum of the RR signal in the three frequency bands as well as the normalized area in these bands. This algorithm classifies a RR signal under an R pattern whenever the normalized area of its amplitude spectrum in the low-frequency band is higher than 0.44 and the normalized area in the mid and high bands is lower than 0.27 and 0.37, respectively. In Fig. 1 , this relationship is shown. Furthermore, the standard deviation of the RR signal must range between the values 0.04 and 0.14. The position of the maximum peak of the amplitude spectrum must be in the LF band and the maximum value of the amplitude spectrum in the HF band must be 3.6 times lower than in the LF band. Moreover, if these conditions are not given, the algorithm will classify the RR signal under N pattern.
As an example of this classification, Figs. 2a and 2b present two RR sequences and their respective amplitude spectra were classified according to the described algorithm. In this way, each sequence of 256 s of the RT and RR signals was labeled as R or N pattern and classified as belonging to groups a and b of patients.
Statistical Analysis
C of Cochrans and F of Bartlett-Box tests were used to evaluate the homogeneity of the variance between groups. Differentiation between groups was performed using univariate analysis of variance (ANOVA), considering a P value less than 0.05 statistically significant.
Discrimination analyses were applied to the data by fitting linear models. Since the small amount of subjects in each group, a classification model was constructed using all observations and validated by the leaving-one-out technique. All but one observation was used to compute the validation model, and this model was then used to classify the omitted observation. This procedure was repeated for each observation and the specificity and sensitivity calculated.
All these calculations were done using the SPSS software (25) .
SIGNAL PROCESSING
Wigner Distribution
The Wigner distribution (WD) has been used in different fields and applied to the study of time-varying and strongly nonstationary systems. Since the energy is a quadratic representation of the signal, the quadratic structure of the time-frequency representation (TFR) is intuitive and reasonably accepted when the TFR is interpreted as an energy distribution in time and frequency (24) . From all TFRs that represent energy, the WD satisfies many desired mathematical properties. For example, the WD is always real, symmetrical with respect to the time-axis and symmetrical to the frequency-axis, satisfying the marginal properties and the instantaneous frequency. Furthermore, the group delay may be obtained. Equation [1] represents the WD of the signal x(t).
where x*(t) is the conjugate of x(t). Moreover, the Wigner cross-distribution (Eq. [2] ) is defined as Eq. [1] and it emphasizes the common components of both signals.
Basically, the WD of a real signal x(t) is calculated in a similar way to a convolution. At each particular time the signal is overlapped by itself inverted on the time axis, and its product is calculated. Finally, the Fourier transform of this product is carried out. From these expressions it can be concluded that neither will the WD be necessarily zero at particular times where the signal is zero nor will the WD be necessarily zero at frequencies that do not exist in the spectrum. Evidence of this phenomenon has been called interference terms and cross-terms. The interference terms are undesired since they make it difficult to obtain a clear and intuitive spectrum of the signal, as two energy regions perfectly delimited are expected to be obtained.
Choi-Williams Distribution
The possibility of using WD as a representation of the signal spectral density at each particular time induces the generation of another distribution from WD to minimize these interference terms maintaining certain properties at the same time.
One way to achieve this consists in calculating the convolution of WD with another appropriate function ;
When convolving the Wigner distribution with the so-called Choi-Williams exponential, the Choi-Williams distribution (CWD) is obtained. The ChoiWilliams exponential (14) is defined in time and frequency as
It is a function centered in the origin and its value is constant along both axes. The CWD is a new function of the time-frequency distribution that permits the interference terms to be minimized. Equation [4] constitutes a smoothing function. It preserves the properties of the Wigner distribution (14) such as the marginal properties, group delay, instantaneous frequency, and it is able to reduce the Wigner distribution interference. By choosing an adequate c parameter for the working band, the possible interferences are reduced.
Instantaneous Frequency and Energy Analysis
In the introduction the difficulty arising from the interpretation of the instantaneous frequency of a signal calculated as the derivative of the phase of its analytic signal has been mentioned.
This difficulty could be avoided defining an instantaneous frequency f s as the mean frequency of the spectrum at a particular time (14) , where the spectrum is obtained as a section of the time-frequency distribution (Fig. 3) at this particular time
, [5] where N is the number of samples on the frequency axis. The applied signal processing is next described specifically: under pattern R or N, the following Choi-Williams distributions are obtained: CWD of the RR signal, CWD of the RT signal and cross CWD of RT and RR signals. The best parameter value c of the CW exponential was estimated as 0.3. Given a RR sequence and its corresponding RT sequence (Fig. 4) , Figures 5a-5c present the CWD of the RR signal, the CWD of the RT signal, and the cross-CWD of RT and RR signals, respectively. (b) By means of the time-frequency distributions, the instantaneous frequency is calculated in each one of the three bands (LF, MF, HF). To carry out these calculations, the CWD in each band is considered. Figure 6 presents the instantaneous frequency in each band of a RT sequence classified under the N pattern for a patient of group b.
Before applying CWD, the mean values and analytic signals of the RT and RR sequences are extracted. In this way, the possible interference produced by the components in the negative part of the spectrum is avoided. Also, the energy in each band is calculated by means of CWD integration. The energy in each band is divided by the total energy in order to normalize it.
(c) A new function is calculated for each patient as the mean of all instantaneous frequency functions in each spectral band, considering the sequences of 256 seconds every 10 minutes of the ECG signal. Next, the mean value of these instantaneous frequency functions is calculated.
The energy is calculated in a similar way. The new variables obtained are f LR , f LN , f MR , f MN , f HR , f HN , and also e LR , e LN , e MR , e MN , e HR , and e HN , representing the mean value of the instantaneous frequency and the mean value of the energy for each patient. The subindices L, M, and H refer to the low-, mid-, and highfrequency bands. The subindices R and N refer to sequences classified as R or N pattern, respectively.
The evolution of the spectra in time, obtained by CWD at each instant of the temporal signal, shows in which frequency the energy of the signal can be placed at each instant. The mean value of the instantaneous frequency function takes account of the time duration of the different frequency components. In contrast, when this frequency value is calculated by the classical spectra, the energy value is averaged without taking into account the time duration of the different frequency components. Consequently, they give different results and the mean instantaneous frequency, calculated as an average with time of the instantaneous frequency function, is more representative of the instantaneous frequency concept than the value obtained as the mean frequency of the classical spectra. 
RESULTS
Cross-CWD of RT and RR Analysis
Prior to the time-frequency analysis, the mean RR values of groups a and b have been calculated, 783.7 Ϯ 152.7 and 899 Ϯ 258 ms, respectively. The mean RT values of groups a and b were 325 Ϯ 44 and 363 Ϯ 36 ms, respectively. These results have not presented any significant statistical differences.
The cross-CWD analysis of RT and RR sequences has been applied to the signals of group a and group b, high and low sudden cardiac death risk patients. Tables  1 and 2 present the mean value and the standard deviation of each analyzed variable. The subindex rtrr used in the tables is related to cross-CWD analysis of RT and RR sequences.
According to the C of Cochrans and the F of Bartlett-Box tests (25) , not all variables present homogeneity of the variance between groups. These variables approximately follow a normal distribution and the correlations between them do not turn out to be excessively high. In this way, an univariable analysis of variance (ANOVA) could indicate which variables are useful to discriminate groups, thus avoiding the need for a homogenization of the variance for the variables that are not included in the analysis. If a homogenization of the variables f HNrtrr , e LNrtrr , and f MRrtrr is carried out and a variable LIN rtrr is obtained by means of a linear combination of them and the variable f HRrtrr , then this function allows groups to be discriminated with a P ϭ 0.004, as it is shown in Table 3 .
LIN rtrr ϭ 70.8 ϩ 147* f HRrtrr ϩ 467* f MRrtrr Ϫ 79.4* f HNrtrr ϩ 8.7* e LNrtrr [6] This new variable presents homogeneity of the variance and it approximately follows a normal distribution.
On the basis of Eq. [6] , a discrimination function between groups was constructed as the next equation.
FUNC rtrr ϭ Ϫ1.415 ϩ 0.9977* LIN rtrr [7] From Table 4 , it can be deduced that the sensitivity and specificity of this function are 85.5 and 84%, respectively, when leaving-one-out technique is applied.
CWD Analysis of RT
The CWD analysis has also been separately applied to the RR sequences and to the RT sequences. The best results have been obtained when using the RT sequences. Tables 5 and 6 show the mean value and the standard deviation of each variable obtained from signals of groups a and b. The subindex rt used in the tables is related to CWD analysis of RT sequences.
In univariable statistical analysis as well as in multivariable statistical analysis, no significant differences have been found in either variable. In contrast to the cross RT and RR analysis, the variables have homogeneity of the variance between groups and they are correlated strongly. Also, they show a nearly normal distribution.
The same methodology as in the previous section was followed, and a new variable [8] showed a P ϭ 0.001 using it as a discriminator between groups a and b. This is shown in Table 7 .
On the basis of this Eq. [8] , a discrimination function between groups was constructed as the next equation FUNC rt ϭ Ϫ0.1516 ϩ LIN rt [9] From Table 8 , it can be obtained that the sensitivity and specificity of this function are 71.5 and 77.5%, respectively, using the leaving-one-out technique.
CONCLUSIONS
The methodology applied in the present study has allowed functions of instantaneous frequencies and energy for each one of the three analyzed frequency bands to be obtained. These functions have been based on the Choi-Williams distribution of RT signals and the cross-distribution of the Choi-Williams of the RT and RR signals and calculated for two spectral patterns. This has allowed new variables to be determined as the mean values of the energies and instantaneous frequencies.
Frequency and energy variables calculated by means of the CWD applied to RT signals make it possible to discriminate hypertrophic cardiomyopathy (HCM) patients who suffered sudden cardiac death (SCD) from HCM patients who did no present SCD. The proposed discriminant function (FUNC rt ) is based on the energy in the mid band of the N pattern RT sequences (e MNrt ), the frequencies in the high and mid bands of the N pattern RT sequences ( f HNrt , f MNrt ) and the frequency in the high band of the R pattern RT sequences ( f HRrt ). This discrimination function presents a significance level of P ϭ 0.001, a specificity of 77.5% and a sensitivity of 71.5%. A similar study has been developed with RR signal. The statistical analysis has not presented significant differences between groups.
Frequency and energy variables calculated by means of the cross-distribution of the Choi-Williams applied to RT and RR signals also make it possible to discriminate HCM patients who suffered SCD from those who did no present SCD. These variables, with common frequency and energy components of the RT and RR signals, are able to distinguish with enough specificity those HCM patients who later suffered SCD. In this work, it has been shown that a linear combination of the energy variable in the low-frequency band of the N pattern (e LNrtrr ), the frequency variables in the high and mid bands of the R pattern ( f HRrtrr , f MRrtrr ) and the frequency variable in the high band of the N pattern ( f HNrtrr ) allows to discriminate groups of patients with a statistical significance P ϭ 0.004. The specificity and sensitivity values obtained from the analysis have been 84 and 85.5%, respectively.
The frequency variables in the high band in both spectral R and N pattern have shown their importance in both types of analysis, CWD RT and cross-CWD RT and RR, being present in both linear combinations. The highest correlation of these two variables ( f HR , f HN ) with the discriminant function, generated for the analysis of the RT signal, corresponds to the variable f HNrt . In contrast, in the cross-CWD analysis of the RT and RR signals, the highest correlation with the discriminant function corresponds to the variable f HRrtrr . This could indicate that the RT signal is more sensitive to the changes of the parasympathetic system (respiratory sinus arrhythmia) in HCM patients while the RR signal is more sensitive to the sympathetic system activity.
In this work, it has also been shown that the energy variables in the low-and mid-frequency bands are important in the classification of patient groups.
